INTRODUCTION
In recent years, the use of the structures which are made of composite materials have been increasing in many modern engineering applications such as aerospace, marine, automotive, and civil engineering due to attractive properties in strength, stiffness and lightness. Researchers have been developed various beam theories for analysis of the structural behaviour of the composite beams during the last decade, the review of these theories is given in [1] . The Euler-Bernoulli beam theory (EBT) is widely used to solve the bending behaviour of the thin beams. When the beam is thick or short, the effect of the transverse shear deformation cannot be neglected and refined shear deformation theories are needed. One of the theories which have been developed to eleminate the assumption which is Functionally Graded Materials (FGMs) are composite materials which can be classified as advanced materials. The FGMs are inhomogeneous and made up of two (or more) different materials combined in solid states with varying properties as the dimension changes. There is a rapid increase in the use of these materials especially in the following areas; the aerospace, biomedical, defense, energy, optoelectronics, automotive, turbine blade, reactor components and etc. Since the FGMs have lower transverse shear stresses, high resistance to temperature shocks and no interface problems through the layer interfaces, they have advantages over the conventional and classical composite materials. Due to the significant shear deformation effects especially for the thick FGBs, three main theories that are first-order shear deformation theory, higher-order shear deformation theory and shear and normal deformation theory have been employed by the researchers to predict and to understand the static, vibration and buckling responses of these structures during the last decade . On the other hand, the conventional FGMs (or 1D-FGM) with material properties which vary in one direction used in practical engineering applications are not efficient to fulfill the technical requirements such as the temperature and stress distributions in two or three direction for aerospace craft and shuttles [25] . A new type FGM with material properties varying in two or three directions is needed to overcome this deficiency of the conventional FGM. To eliminate the drawback of the conventional FGM, the mechanical and thermal behaviours of two-directional FG structures have been investigated so far. 2D steady-state free and forced vibrations of two-directional FGBs by using the Element Free Galerkin Method are analyzed in [26] . The state-space based differential quadrature method is employed to obtain the semi-analytical elasticity solutions for bending and thermal deformations of FGBs with various end conditions [27] . A symplectic elasticity solution for static and free vibration analyses of two-directional FGBs with the material properties varying exponentially in both axial and thickness direction is presented in [28] . The buckling of Timoshenko beams composed of two directional FGM is studied in [29] . The static behavior of the two directional FGBs by using various beam theories is presented in [30] . The flexure of the two directional FG sandwich beams is analyzed in [31] . As it is seen from above discussions, the studies employing a shear and normal deformation theory which includes both shear deformation and thickness stretching effects related to static and dynamic analysis of the two-directional FGBs are very limited according to the author knowledge. Since, thickness-stretching effect becomes very important especially for the thick two directional FGBs, a shear and normal deformation theory should be considered for this complicated problem with various end conditions, aspect ratios and gradation exponents. One may easily show that the numerical methods such as finite element methods (FEM), meshless methods, GDQM, etc. can be used to overcome this problem which have complex governing equations. Meshless methods are the most promising and have attracted considerable attention for the analysis of engineering problems with intrinsic complexity. Meshless methods are widely used in static and dynamic analyses of the isotropic, laminated composite and FGM beam problems [32] [33] [34] [35] [36] [37] [38] . However, the studies are very limited regarding to the analysis of two directional FG structures by employing a meshless method [26, 30, [39] [40] [41] . The main novelty of this paper is that the flexure behavior of the two directional FGBs is analyzed based on a quasi-3D theory by using the SSPH method with four different end conditions. Moreover, the weight (kernel) functions used for the numerical computations by employing the SSPH method given in [30, [42] [43] [44] [45] cannot provide satisfactory results for the solution of these complex engineering problems. To overcome this deficiency, a weight function [46] which is used for the interpolation by employing the compactly supported radial basis function is introduced. And finally, the thickness stretching effect is important and should be considered especially for the thick beams. In section 2, the formulation of the basis function of the SSPH method is given. In section 3, the homogenization of material properties of the two directional FGB is presented. The formulation of the shear and normal deformation theory is given in Section 4. In Section 5, numerical results are given for the problems with four different boundary conditions which are simply supported (SS), clamped-simply supported (CS), clamped-clamped (CC) and clamped-free (CF).
FORMULATION OF SYMMETRIC
SMOOTHED PARTICLE HYDRODYNAMICS METHOD Taylor Series Expansion (TSE) of a scalar function for 1D case can be given by
where ( ) is the value of the function at ξ located in near of x. If the seventh and higher order terms are neglected, the Eq. (1) can be expressed as
where
The order of the governing equations play an important role to define the number of terms assigned in the Taylor series expansion. If the number of terms in the TSE is increased, there will be an increment in the CPU time and one may expect that the accuracy will increase. However, in some cases it may not be true and determination of the number of terms depends on the researcher's experience. To determine the unknown variables given in the (x), both sides of Eq. (2) are multiplied with W(ξ, x) (ξ, x)
T and evaluated for every node in the CSD. In the global numbering system, let the particle number of the j th particle in the compact support of W(ξ, x) be r ( j ). The following equation is obtained
( ) (5) where N(x) is the number nodes in the compact support domain (CSD) of the W(ξ, x) as shown in Figure 1 . Then, Eq. (5) can be given by ( , ) ( ) = ( , ) ( ) ( , )
Where (ξ, x) = (ξ, x) T (ξ, x) (ξ, x) and (ξ, x) =
The solution of Eq. (6) is given by
where Eq. (7) can be also written as follows
where M is the number of nodes and F J = f(ξ J ). Seven components of Eq. (8) for 1D case are written as Details of the SSPH method can be found in [30, [42] [43] [44] [45] .
HOMOGENIZATION OF MATERIAL PROPERTIES
We assume that the two-directional functionally graded beam of length L, width b, thickness h is made of two different constituents. Further, the material properties vary not only in the z direction (thickness direction) but also in the x direction (along the length of the beam) as shown in Fig. 2 . The rule of mixture is used to find the effective material properties at a point. According to the rule of mixtures, the effective material properties of the beam, Young's modulus E and shear modulus G can be given by In Figure 2 . The stress-strain relationship of a k th orthotropic lamina in the material coordinate axes is given by:
( , ) = 1 1 ( , ) + 2 2 ( , )
where 1 , 2 , 1 and 2 are the material properties of two constituents, 1 and 2 are volume fractions of the constituents. The relation of the volume fractions can be expressed as follows; 1 ( , ) + 2 ( , ) = 1 (11) According to the power law form, the volume fraction of the constitute 1 can be given
where and are the gradation exponents (powerlaw index) which determine the material properties through the thickness (h) and length of the beam (L), respectively. When the and are set to zero then the beam becomes homogeneous. The effective material properties can be found by using the Eqs. (10), (11) and (12) as follows
Compact Support Domain 
MATHEMATICAL FORMULATION
The axial and transverse displacements of a beam by using the present shear and normal deformation theory [17] including both shear deformation and thickness stretching effects are given by
where , , and are four variables to be determined. The only nonzero strains associated with the displacement field given in Eq. (14) can be written by:
The following linear elastic constitutive equation can be written by using the related stresses and strains:
To obtain the governing equations, the virtual strain energy of the beam can be written as:
The stress resultants , , , and can be written respectively as follows:
Using the Eq. (18), one can rewrite the Eq. (17) as:
The virtual potential energy of the transverse load ( ) is given by
Since the total virtual work done equals zero and the coefficients of , , and are zero in 0 < < , one can obtain the following governing equations,
Using Eq. (16), the stress resultants given in Eq. (18) can be expressed as,
where The governing equations of the quasi-3D theory can be obtained by substituting Eq. (22) 
The natural boundary conditions are given as follows:
NUMERICAL RESULTS
The static behaviour of the two directional FGBs is investigated by using a quasi-3D shear deformation theory. The numerical results are obtained by using the SSPH method for various gradation exponents in both direction, x and z respectively, different aspect ratios and boundary conditions. Since there is no available previous results based on a higher order shear deformation theory and a shear and normal deformation theory for the bending analysis of two-directional FGBs with power law rule, as the first, the developed code is verified by solving a simply supported conventional FGB problem subjected to uniformly distributed load. The numerical solutions are compared with the solutions from previous studies [16] [17] 
Non-dimensional axial and shear stresses of the beam:
Verification and Comparison Studies
To verify the developed code, a simply supported FGB under uniformly distributed load is considered. For numerical calculations to be performed by the SSPH method uniformly distributed 201 nodes for the SS, CS and CC beams and 247 nodes for the CF beam are used in the problem domain ∈ [0, 2]. As a weight function, the following function proposed in [46] is used, where ∆ is the minimum distance between two adjacent nodes for SS, CS and CC beams. For CF beam, the radius of the support domain ( ) is chosen as 5.302 and the smoothing length (h) equals to 1.2∆. All the meshless parameters are found by using the trial and error method. The maximum non-dimensional transverse deflections, axial, normal and shear stresses obtained based on the present shear and normal deformation theory, various aspect ratios and various gradation exponents in the z direction are given in Table  1 -4 along with the results from previous studies and the analytical solution of the problem. It is clear that the results obtained by using the SSPH method agree completely with those of previous papers [16] [17] . Table  1 -4 show that the results obtained by the SSPH method are in excellent agreement with the results given in [16] [17] . And finally, because of stretching effect, the transverse deflections computed based on the shear and normal deformation theory are slightly smaller than those obtained from TBT. Due to this agreement, the verification of the developed code is established. Table 5 . Boundary conditions used for the numerical computations. 
Elastostatic Analysis of Two-Directional FGBs
Four different boundary conditions, SS, CS, CC and CF are considered respectively for the bending analysis of two directional FGBs subjected to uniformly distributed load. The transverse deflections, axial, normal and shear stresses are computed based on the present quasi-3D theory for different gradation exponents in both directions and aspect ratios. The details of the boundary conditions (BCs) used for the numerical analysis are given in Table 5 .
SS Two-Directional FGB
A simply supported two directional FGB under uniformly distributed load is analyzed. The dimensionless transverse deflections and stresses are computed for various gradation exponents in both directions and different aspect ratios.
As it is seen from Table 6 , the computed transverse deflection value decreases as the aspect ratio increases.
With the increasing of the gradation exponents in both directions, the deflection values are increasing. In Table  7 , the dimensionless axial stress values are presented. It is clear that the stress decreases as the gradation exponents in both directions increases. The maximum dimensionless shear stress value is obtained when pz is set to zero and px is set to 5 as shown in Table 8 . It is found in Table 9 that the dimensionless normal stress almost vanishes when the aspect ratio is 20 and the gradation exponent in the z direction is set to zero.
Figs. 5 and 6 are plotted for different aspect ratios to show the variation of the dimensionless axial and normal stresses through the thickness for different values of the gradation exponent in the x direction, when the gradation exponent in the z direction is determined as 2. The maximum axial stress value is observed at the top surface of the beam. The axial stress increases as the gradation exponent in the x direction decreases. The beam with pz=2 and px=0 yields the maximum normal stress as seen in Figs. 5 and 6. In Figs. 5 and 6, it is also clear that the computed shear stress values are zero on the top and the bottom surfaces of the beam, as it is expected. The minimum shear stress value is obtained when the pz is set to 10.
CS Two-Directional FGB
The dimensionless maximum transverse deflections and the axial, normal and shear stresses of the clampedsimply supported FGBs are investigated. The computed results are given in Table 10 and Figs. 7-8. It is clear in Table 10 that the transverse deflections increase as the gradation exponent increases. Lower aspect ratio has the larger dimensionless transverse deflections than the higher one.
In Figs. 7-8 , the axial, normal and shear stresses are presented for various gradation exponents and aspect ratios. It is found that the maximum axial stress increases as the gradation exponent in the x direction increases. The maximum normal stress is obtained at the bottom surface of the beam. The normal stress values are decreasing as the gradation exponent in the x direction is decreasing at the bottom surface of the beam. The maximum shear stress is observed for pz=1 when the px is set to 2.
CC Two-Directional FGB
The dimensionless maximum transverse deflections and the axial, normal and shear stresses of the clampedclamped FGBs are considered. The results are given in Table 11 and Fig. 9 for different gradation exponents and aspect ratios. It is clear from Table 11 that, as the gradation exponents increase, the transverse deflections increase. The computed results are in very well agreement along with the previous study.
The axial and normal stresses are plotted in Fig.9 for various gradation exponents in the x direction as the aspect ratio is set 5 and pz=0. As the gradation exponent set to zero in the z direction, the maximum axial stresses obtained for px=0 and px=1 are almost indistinguishable. The maximum normal stress values are seen on the top surface of the beam and they are also indistinguishable. The maximum normal stress is found for px=10. As it is expected, the shear stress values are zero at the bottom and top surface of the beam. The maximum shear stress is observed for pz=1.
CF Two-Directional FGB
Finally, the results of elastostatic analysis of the CF FGBs under uniformly distributed load are given for various gradation exponents and aspect ratios. For this example, accurate and agreed results cannot be obtained when the aspect ratio is greater than 5 and the gradation exponent is x direction greater than 2. However, the results found by using the aspect ratio lower than 6 are acceptable and agreed along with the analytical solutions. This point is important to determine future studies based on the present shear and normal shear deformation theory and the SSPH method. It is not clear that increasing the gradation exponent in the x direction deteriorates the accuracy of the present shear and normal deformation theory with higher aspect ratios. The robustness and accuracy of the SSPH method could be lost by using the gradation exponent in the x direction greater than 5 with CF boundary conditions as well.
As it is seen from Table 12 , the transverse deflections increase as the gradation exponents increase. Three different aspect ratios are employed to investigate the inefficiency of the theory and the numerical method. It is not found a concrete reason that may explain the loss of accuracy when the aspect ratio is set to above 5. However, the computed results agree very well along with the analytical solutions based on the TBT. Table 9 . Dimensionless normal stress ̅ ( 2 , It is observed in Fig. 10 that the dimensionless axial stress values computed by using the shear and normal deformation theory formulation increases as the gradation exponent in the x direction decreases. It is clear that the maximum normal stress values are found at the top surface of the beam. As the gradation exponent in the x direction decreases, the maximum normal stress increases. The dimensionless shear stress values are shown in Fig. 10 . As it is seen, the minimum shear stress value is obtained when the gradation exponent in the z direction is set to zero. The shear stress values are zero at the bottom and top surfaces of the beam.
CONCLUSION
The SSPH basis functions are employed to analyze the elastostatic behaviour of the two directional functionally graded beams subjected to different sets of boundary conditions and uniformly distributed load by using strong formulation of the problem. A shear and normal deformation theory which includes both shear deformation and thickness stretching effect is used to evaluate the transverse deflections, axial, normal and shear stresses of two directional FGBs. The developed code is verified by studying a simply supported FGB problem and comparing the results with previous studies and the analytical solutions. different gradation exponents in both directions and various aspect ratios. The effect of the normal strain is investigated and it is found that it is important and should be considered in the static behavior of the two directional functionally graded beams including sandwich structures which may be a subject of the future studies. Another important point is that for CF beam, the computed results for the aspect ratio which is higher than 5 are not agree very well with the previous studies as the gradation exponent in the x direction is set to higher than 2. At least within the scope of this work, it may be told that by using the SSPH method and present shear and normal deformation theory, it is not recommended to use a gradation exponent in the x direction greater than 2 as the aspect ratio increases with CF boundary condition and this should be investigated in future studies. It is found that the SSPH method provides satisfactory results at least for the problems studied here. Based on the results of the four numerical examples, it is recommended that the SSPH method can be applied for solving linear two directional functionally graded beam problems by employing different shear deformation theories including shear and normal deformation theories.
